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Abstract 
We show that the connectivities of line graphs of multipartite graphs equal the minimum 
valency. 
I. Introduction 
In order to solve degeneracy problems in linear optimization the so-called egeneracy 
graphs, assigned to a degenerate vertex x of the feasible solution set, have proved to 
be useful [4, 5, 7, 10, 11]. In the special case when the degeneracy degree o fx  is 2 (i.e. 
two basic variables equal zero), degeneracy graphs are the line graphs of complete 
multipartite graphs. 
To date only the line graphs of special complete multipartite graphs have been 
investigated [2, p. 286; 6, 8]. The present paper deals with the line graphs of general 
complete r-partite graphs. We derive an exact expression for the connectivities of these 
graphs which tum out to be equal, while results on the connectivities of graphs are 
usually confined to stating their lower or upper bounds [1,3, 9]. 
In the following, K(pt  . . . . .  p~) denotes the graph with the partition 
w = v, u . . .  u Wr, (IV l = Pg for i = 1 . . . . .  r), 
of the vertex set V, where two vertices are adjacent iff they lie in different components 
of V. We assume that pl ~< ""  ~< P,-, r ~> 2, n := Pl +" '  ÷ pr. The line graph of a 
graph G is denoted by L(G) .  
As usual, the connectivity x (the edge connectivity 2) of a graph G is the maximum 
integer m for which G is m-connected (m-edge connected). We make use of the relation 
~:~< 2 ~<,~, (1) 
where 6 denotes the minimum valency of the respective graph (cf. [3, p. 171]). 
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A sequence of pairwise disjoint edges (el . . . . .  ek) in a graph G, where ei and ei+l 
are adjacent for i = 1 . . . . .  k - 1, will be called an edge path of G. 
2. The conneetivities of L(K(p l  . . . . .  p,))  
Let e = {v,w} be an edge of K(pl  . . . . .  Pr) with v C Vi and w E Vj, Pi = IVil, pj = 
I Vjl, i ¢ j, It is easy to prove that e - -  considered as a vertex of  L(K(p l  . . . . .  p~)) - -  
has the valency 2n - 2 - Pi - Pj. 
Thus, the number 
2n - 2 - Pr-1 - Pr (2) 
is an upper bound for the connectivities of  L(K(p l  . . . . .  Pr)) (cf. (1)). In the following 
we will show that both connectivities equal the expression in (2). 
Lemma. Let  e = {Vl, v2} and e' = {v3, v4} denote two distinct edges o f  K (p l  . . . . .  Pr). 
Moreover,  let V (i) be the component o f  the vertex set part it ion containin9 vi and 
k (i) :=  ]v ( i ) l for  i = 1 . . . . .  4. Without loss o f  9eneral ity we may assume that 
k (3)+k (4) >/k 0 )+k  (2). 
Then there exist  
2n - 2 - k (3) - k (4) 
(3) 
pairwise disjoint edye paths jo in&9 e and e ~. 
It seems reasonable to prove the assertion by induction on the number n of  vertices. 
However, in the case 
k (3)+k (4 )=k  (1 )+k  (2) 
problems arise in the transition from n-  1 to n. 
We present a proof in which the required number of  disjoint edge paths is constructed 
for different cases: 
Proof. Consider the following three cases. 
Case 1: V(1),..., V (4) are distinct components of V. There are 4 disjoint edge paths 
of the form (cf. Fig. 1): 
Pv,,vj :=  ({Vl,V2},{Ui, Vj},{V3,V4}) for i C {1,2}, j E {3,4}. 
Moreover, there are n -  k (1) -k  (3) -2  edge paths of the form 
No I .... 3 := ({Vl ,V2},{v l ,v},{v2,  v},{v3, v4}) for v E V \ (V (1~ U V (3~ U {v2, v4}), 
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Fig. 1. Edge paths of the tbrm P~ ~. ~.~ in case 1. 
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Fig. 2. Edge paths of the form P(~) in case 1. 
and n-  k (2) -k  (4) -2  edge paths of  the form 
P,,2,~',~,4 := ({vi,vz},{v2,v'},{v4, v'},{v3,v4}) for v' E V \ (V (2) U V (4) U {vl,v3}) 
Final ly we obtain k (1) ~-k  (2) -2  edge paths of  the form (cf. Fig. 2) 
P(') := ({Vl, v2}, {v f(,), w;}, {w,, w;}, {wt, vy(,)}, {v3,134} ) 
for t = 1 . . . . .  k (1) + k (2) - 2, 
' denote the vertices of  (V (1) U V(2))\ where Wl, • • •, wk(, )+k(2) -2  and w 1 , . . . ,  Wk(3)+k(4)_ 2 
{Vl, V2} and of  (V (3) U V(4))\{v3, v4}, respectively, and 
i f  w t E V (3), 
f ( t )  := i f  w~ E V (4), 
{34 i fwtE  V('), 
,q(t) := if wt E V ~2). 
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Fig. 3. Edge paths in the case 2(a). 
Altogether we have constructed 2n-  2 -  k (3) -k  (4) edge paths. The above definitions 
of f and 9 insure that they are pairwise disjoint. 
Case 2: V (1) = VO); V (1), V (2), V (4) are distinct. 
(a) vl ¢ v3: There are the edge paths (cf. Fig. 3) 
Pv,v4, P~2,~3, P~2,~4, 
n-  k (3) -2  edge paths of the form (cf. case 1) 
P~,,,,:,~3 forv E Vk(V (3) U {v2,v4}) 
and n - k (z) - k (4) - 2 edge paths of the form 
P~2,v',~, forv' E g \ (g  (2) U V (4) U {vl,v3}). 
Similarly to case 1 we furthermore obtain k (2) - 1 edge paths of the form 
P(o t) := ({v], v2}, {v2, w;}, {wt, w;}, {wt, v4}, {v3, v4}) for t = 1 . . . . .  k (2) - 1, 
' ' denote the elements of V (2) \ {v2} and V (4) \ where wl , . . . ,  wk(2)_ 1 and w I , . . . ,  wk~4 )_ 1 
{v4}, respectively. Note that (3) implies k (4) >/k (2) in the present case. 
(b) vl = v3: In this case there are the edge paths 
({ f')l, f)2}, {I)3, 1)4}) 
and Pv2,~4 (cf. Fig. 4), n - k (3) - 2 edge paths of the form 
Pv,,v, v3 := ({t)l,V2},{#l,lJ},{f)3,f)4}) for v E V\(V(3) U {f)2,v4}), 
n -k  (2) -k  (4) - 1 edge paths of the form 
P~2y,v, for 9' C Vk(V (2) U V (4) U {vl}), 
and k (2) - 1 edge paths of the form 
P~¢) for t= l  . . . . .  k (2 ) -1  
(cf. Case 2(a)). 
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Fig. 4. Edge paths in the case 2(b). 
Case 3: V O) = VC3); V (2) : V(4); V (1) ~ V (2). Similar considerations as above result 
in the following paths: 
(a) va ¢ v3, v2 ¢ v4: The edge paths P~,v+ and P~2,v3, n - k (3) - 2 edge paths of the 
form Pv,,v,v~ for v E V \ (V  0) U {v2, v4}) and n -  k ~4) -2  edge paths of the form Pv2y,v+ 
for v' E V \ (V  ~2) tO {Vl,V3}). 
(b) Vl = v3, v2 ¢ v4: The edge path ({vt,v2}, {v3,v4}), n -  k O) -2  edge paths of the 
form (cf. Case 2(b)) Pv,,~,v3 for v E V \ (V  O) tO {re,v4}), and n - k (4) - 1 edge paths 
of the form P~2,v',v+ for v' E V \ (V  (2) U {vt}). [] 
Since edge paths in K(p l  . . . . .  pr)  are paths in L(K(p l  . . . . .  Pr)), the lemma implies 
the following result (cf. (1)). 
Theorem 2.1. The connectivities o f  L (K (p l , . . . ,  Pr ) ) satisfy 
x = it = 6 = 2n - 2 - p~_ 1 - -  Pr. 
In order to prove only that 2 equals the minimum valency, we could also make use 
of the theorem in [9, p. 308]. 
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